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Abstract In this paper we introduce the notation of shadowing sets which is a generaliza-
tion of the notion of separating sets to the family of more than two sets. We prove that (;; A;
is a shadowing set of the family {A;}ie; if and only if >, Ai = V,¢; Zkel\{i} A; +
;e Ai- It generalizes the theorem stating that A N B is separating set for A and B if and
onlyif A+ B = AN B+ AV B. In terms of shadowing sets, we give a criterion for an
arbitrary upper exhauster to be an exhauster of sublinear function and a criterion for the
minimality of finite upper exhausters. Finally we give an example of two different minimal
upper exhausters of the same function, which answers a question posed by Vera Roshchina
(J Convex Anal, to appear).
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1 Introduction

The main object of this paper is to study the theory of exhausters, which was introduced
by V.FE. Demyanov and A.M. Rubinov [12] in quasi-differential calculus and subsequently
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studied in a series of papers by V.F. Demyanov, A.M. Rubinov and V. Roshchina (see
[5-11,27-29]) in the framework of lattices and semigroups (see [1,3,20]). We begin with
the following statement:

Proposition 1.1 ([20,31])Let S = (S, +) be a commutative semigroup with zero, satisfying
the cancellation law

a+s=>b+s impliesa=>b (cl)
We define the relation of equivalence ~ in S = § x S by
(a,b) ~ (c,d) ifand only ifa +d = b + c.
Let us denote
la,b] = {(c.d) € S*|(c.d) ~ (a. D)},
(a,b) € $? and S = SZ/N. Then (§, +) is a commutative group with

la,b]+ [c,d]l=[a+c,b+d], 0=]a,al,—la,b]=1b,a]

and j(a) = la, 0] defines an isomorphic mapping embedding S in §; S = Jj@S) — j(S).
Moreover, if G is a commutative group such that S is embedded in G in an isomorphic way
then S is isomorphic to some subgroup of G.

Let (S, +, <) be a commutative ordered semigroup with zero. Fora,b € Sleta v b =
supf{a, b}, a Ab = inf{a, b}, if they exist. Assume that S satisfies the order cancellation law.

a+s <b+simpliesa<b (olc)
and the addition is isotonic
a <bimpliesa+s <b-+s. @)
Also assume that
for any a, b € S there exists a V b. )

Let distributive law be satisfied:
avb+s=(@+s)Vvb+s). (d)

Obviouslz, the order cancellation law implies the cancellation law. Let us introduce an
ordering in S in the following way:

[a,b] <[c,d] ifandonlyif a+d <b+c.

It is easy observe that the definition does not depend on the choice of representatives.

Proposition 1.2 If' S = (S, +, <) is an ordered commutative semigroup with zero, isotonic,
satisfying the order cancellation law, distributive law and having the sup property (v) then
S = (S, +, <) is an ordered group such that for X = [a, b], y = [c, d] we have
FVF=suplE, 5} = [@+d) v (b+0),b+dl,
XAy =inf{x,y} =[a+b,(a+d)V (b+c)].
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Proof Let X = [a, b], ¥y = [c, d]. Notice that
a+b+d=b+a+d<b+@+d)Vv®d+o).

Hence X < [(a+d) Vv (b+c¢),b+d] = Z. Analogously, § < 7. Let X, § < [e, f]. Then
a+f<b+4+eandc+ f <d+e.Hencea+d+ f <b+d+eandb+c+ f <b+d+e.
Therefore, (a +d + f)V (b+c+ f) <b+d + e. But

(a+d+HVvb+ctfH=@+d)vb+o+f

which implies z < [e, f]. Therefore, X V y = Z.
Notice that

‘52/\5) = _Sup{_iv_j}} = —([b,a]\/[d, C])
=—[la+d)yvb+c),at+cl=la+c,(a+d)V (b+c). O

Let X be a Hausdorff topological vector space over the field R and B(X) the family of all
nonempty closed bounded convex subsets of X.

Example 1.3 Let X = R2 and S = By(X), where By(X) C B(X) is the family of non-
empty compact convex subsets of the plane containing zero. If we define the operation
“+” by the Minkowski addition and the partial order “<” by A < B if and only if B C
A, then (By(X), +, <) becomes a partially ordered commutative semigroup which satis-
fies order cancellation law and isotony condition. Moreover for A, B € Bp(X), we have
AV B = AN B.Now we observethat AN B+ C C (A+ C)N (B + C). Now we con-
sider A = (0,—1) v (0, 1), B = (—1,0) v (1, 0) and the unit ball C = B((0, 0), 1). Then
ANB ={(0,0)}and ANB+C =B((0,0), 1).But (A+C)N(B+C) =A+B =(—1,1)Vv
(=1, -1 v (,—-1) Vv (,1). Hence the semigroup S satisfies the conditions (olc),(i),(v) but
not satisfies the distribution law (d) (Fig. 1).

Remark 1.4 In R? for arbitrary A, B, C € B(R?), AN B # { the intersection A N B is a
summand of (A 4+ C) N (B + C)(see [18]).
It is easy to observe that the following Lemma is true:

Lemma 1.5 Let G = (G, +, <) be a commutative order group and (x;)ic; C G. If
sup;¢; Xi € G, then for every x € G,
sup(x; + x) = supx; + x.

iel iel

Fig. 1 Invalidity of the A

distribution law ﬁa
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A commutative partially ordered semigroup S with zero which satisfies the conditions
(olc), (i), (v) and (d) is called g-semigroup. For a general representation theorem of q-semi-
groups we refer also to the paper of H. Ratschek and G. Schroder [26].

Lemma 1.6 Let S = (S, +, <) be a commutative ordered q-semigroup. Then for X; =
[a;, 01, i € I, Ifinite

sup x; = |:supai, Oi| .
iel iel

Proof Leta = sup;¢;ai, X; = [a;,0]. Sinceq; <afori € I, X; <X.Nowletx; <y =
[b,c], then a; + ¢ < b fori € I and we have sup;.;(a; + ¢) = a + ¢ < b, which imply
X < y.Hence X = sup;; %;. O

Theorem 1.7 Let S = (S, 4, <) be a commutative ordered q-semigroup and ([a;, bi])ic; C
S, I-finite. Then

suplai, bil = | \/ [ai+ D b |. D bi|.
iel il kel\(i) icl
infla;, bj] = Sla\[|bi+ D a

‘e |iel el kel\i}

Proof Let X; = [a;, b;] and denote ¥ = [
Lemma 1.6, we obtain

b;,0], i e I. Then by Lemma 1.5 and

iel

supX; = sup(X; + X — X) = sup(X; + x) — X

iel iel iel
= sup( [a;, 01 = [;, 01 + | D b, 0| ) = &
iel iel
=sup | a; + Z br, 0| — X
iel kel\(i)
|V (a+ X ). n
iel kel\{i} iel
From the equations inf;c; X; = — sup;; —X;, we obtain the second formulas. O

Theorem 1.8 Let S = (S, +, <) be a commutative ordered q-semigroup and ([a;, b;1)ic; C

S, J C I-finite. Then inf;cjla;, b;] = inf;c;[a;, b;i] if and only if

\/ bi+zak =\/ bi+zak

ieJ kel\{i} iel kel\{i}

Proof LetX; = [a;, b;], i € I. Then inf;c; X; = inf;¢; X; if and only if

Zai,\/ b; + Z ay = Zai»\/ b + Zak ,
}

iel iel keJ\{i} i iel iel kel\{i
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it is equivalent

Za,—i—\/ b + de =\/ bi + Zak

iel\J iel keJ\{i} iel kel\{i}
= \/ bi + z ag | - O
iel kel\{i}

2 Shadowing

For a semigroup S we say that an element ¢ € S shadows (X;)ic; C S, if inf;c; X; < [c, O].
If inf;c; X; = [c, 0] then we say that element ¢ exactly shadows (X;)ic;. In the case of a
g-semigroup an abstract difference has been recently introduced [22]. Let a, b € S be two
elements of a g-semigroup. Then abstract difference of a and b is the greatest element (if it
exists) of the set D(a, b) = {x | x + b < a} and denoted by a ~b.

The abstract difference [22] has the following properties:

(D1) Ifa — b exists, then (a — b) + b < a.

(D2) Ifa=b+c, thenc=a—b.

(D3) Foreverya € S, we have a ~a=0.

(D4) Ifa <bandforsomec € S,a —c,b— cexist,thena —c < b —c.
(D5) Ifa — b exists then for everyc € S, (a +c¢) ~(b+c)=a—b.

For (%;)ic; C S, % = [ai, b;],we denote

=1

Va=V(n+ T al.

iel iel kel\{i}
in the case when X; = [a;, 0] we write

=1 [7]-1

Vi=Va=V( 3 a

iel iel iel \kel\{i}

Theorem 2.1 If S is a commutative ordered q-semigroup, then element ¢ € S exactly shad-

ows (Xi)ier C S,if and only if\/lle‘l '5 X; is a summand of 3 a

Proof Let % = la;, bil, i € I. Then infie; % = [X,c; @i, VL7 %1 € j(S) if and only if

1
Zielai=V1€|I X +cforsomec € S. o

Now we introduce the following condition:
If D(a,b) # ¥, then a — b exists. (s)
A commutative partially ordered g-semigroup S which satisfies condition (s), is called a

g-semigroup.

Lemma 2.2 [f S is a commutative orderedq semlgroup and (%)ie; C S. Then VLEI )?i is

a summand of 3 ;; a; if and only if \;c;(a; — b;) exactly shadows (%;)ie; .
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Proof Let for a some ¢ € S, ¢ exactly shadowsX; = [a;, b;], i € I. Then

=1

Zai: \/fi—l—czbi—l— Z ai+c, i€l

iel iel iel\{i}

Therefore a; > b; + ¢ and from condition (s) it follows that the difference a; — b; exists and
moreover a; — b; > c¢. Hence ¢ < /\iel(a,- — b;). Now we observe that forevery k € I\ {i}

we have
bi+ > ar+ N\@=b)< D ac+bi+@=b) <> a.
kel\{i} iel kel\{i} iel
Therefore
[1]—1 [1]—1
\/ii—i-/\(ai—bi)f \/)Ei‘i‘c’
iel iel iel

and from the order cancellation law A;; (a; ~ b;) < c¢.Hence ¢ = Nierlai +c¢— _bp)). O

Theorem 2.3 If S is a commutative ordered q-semigroup and (c, d) € [\/llell 'z Xi, Dieg ail,
then \;c;(ai +c¢ — b;) = d exactly shadows ([a; + ¢, b;i])ier.

Proof Letc+ > ;ai = \/11€|I "% + d. We observe that

\/ b; + Z(ak—i—c) :\/ bi + (] = Dc+ Z Ak

iel kel\{i} iel kel\{i}
|1]-1
= (1= De+ \/ %
iel
Therefore
|1]—1
D@t = a+c+(I=De=\/ G+~ De+d
iel iel iel
=V |[bi+ D @+o|+d
iel kel\{i}

Now from Lemma 2.2 it follows that d = /\ie, (ai +c—b;) exactly shadows ([a; +c, bi])ier -
O

Remark 2.4 If \;.;(a; — b;) exactly shadows (¥;);es, then >, ; a; \/| ‘, "E o+ Nier
(a; — b;). Hence infcs Kier = [ ;e (@i — bi), Ol.

3 Minimality criteria for exhausters

Differently from the above mentioned work of V.E. Demyanov, A.M. Rubinov and V. Rosh-

china (see [5-8,12]) we consider only exhausters with a finite index set for elements in a
semigroup. To distinguish in this section elements of semigroup from functions, we denote
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by & an element of a semigroup and by 4 a function. Now we say that a set /* (h) = {aj}ies of
elements of a semigroup S is an upper exhauster of an element h € S,if h can be represented
in the form 7 = inf;cy[a;, 0]. Since I is finite it follows from Theorem 1.7 that h always
exists and that:

= Ya VS«

iel iel kel\{i}

We say thatexhauster /* (h)is minimal by inclusion, if there exists no other upper exhauster
J*(h) of h such that J*(h) C I*(h).
From Theorem 1.8 follows the criterion of minimality by inclusion.

Theorem 3.1 If S is a commutative ¢-semigroup, then exhauster I *(h) is minimal by inclu-

sion if and only if
V Z ai < \/ Z

ieJ kel{i iel kelli
for any proper subset J C I.
We say that exhauster 1*(h)is I -minimal, if for any a; < aj, i €1, h = inf;es[al, 0]

implies @’ = a;, i € 1.
From Lemma?2.2 and definition of /-minimality of exhausters we have

Proposition 3.2 IfSis§-semigroup and |\ a; exactly shadows ([a;, 01);ey, then exhauster

1*(h) is I-minimal if and only if Nicra; = Njepai for any a] < a;, i € I, implies
/ .
aj=a;, i€l

a;j, then for every j € I we have

. ’ . ’_
We observe that if for a; < a;, i € I, N\;c;a; = Nier

a} A /\iel\{j} ai = Mgy ai
Now from Theorem 2.1 and Theorem 2.3 about shadows and Proposition 3.2 we obtain a
general criterion of /-minimality of exhausters.

Theorem 3.3 If S is g-semigroup and (c, d) € [ ;cr ais Viep Zkel\{i} ay], then exhauster
I*(h) is I-minimal if and only if
Nier(@ +¢) = Nijg;(ai +¢) fora; <a;, i €I, impliesa] =a;, i € 1.

Proof Leta; < a;, i € I and

2V 2 a =2 a3 a

iel iel kel\{i} iel iel kel\{i}
By Theorem?2.3 we have
N@ +0) = N\@i+o) =
iel iel

shadows ([a; + ¢, 0]ier and ([a; + ¢, 0]);er. Moreover

o o B .
infla] + ¢, 0] = infla; + ¢, 0] = Slai\ D . o

iel iel kel\{i}
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We say that the sequence (X;) ey is finer then the sequence (;);es if for every j € J
there exists i € I such that ¥; < X;.

We say that upper exhauster / *(h) is minimal, if there exists no other upper exhauster
J*(h) of h finer then I*(h).

Theorem 3.4 If S is §-semigroup, then upper exhauster I*(h) is minimal if and only if is
minimal by inclusion and is I-minimal. It is equivalent that exhauster 1*(h) satisfies the
Jfollowing condition:

Vies Zkel\{i}ak < Vies Zkel\makﬁ)r every proper subset J C 1.
If Nici(aj +¢) = Njej(ai +¢) fora] < a;, i € I and
(c,d) € [Dierais Vier Zkel\{i}ak], then a] = a; fori € I.

Proof Let h= inf;cs[a;, 0] = infjej[a}, 0], where J*(l;) is finer then I*(ﬁ). Now given

(c,d) € Zai,\/ Z ag |,

iel iel kel\{i}

then

d:/\(a,'—l—c): /\(a}—i—c).

iel jeJ

Let Jy = {j € J | a} < ai}, k € I. By assumption J; # ) for some k € I. Denote
Io = {k € 1| Jr # 0}. Now given arbitrary a’j, there exists k € I such that a} < ay.
TherF:fore d= /\jej(a;. +c) < a;. + ¢, hence d < (a} +c) A /\iel\{j}(ai + ¢). Now we
consider

o = a;. fori =k,
i a; foriel)\ {k}.

Thend = \;;(a/ +c¢)anda) < a; fori € I. Since exhauster I*(h) is I-minimal, a = ax

and from arbitrary a} we have {a;.} jes = {ail}ier,- But exhauster / *(h) is minimal by the
inclusion, hence Iy = 1. O

4 Reduction

For an ordered commutative semigroup (S, 4+, <) we call a pair (a, b) € S2 is convex if
at+b<avb+a~nhb.

Lemmad.l Leta,b, f, p € S, pair (a, p) be convexandb =aV p, f =a A p. Then the
pairs (a, b) and (f, p) are equivalent.

Proof From the convexity of pair (a, p) we have a + p = a vV p 4+ a A p. Therefore
a+ p = b+ f and we obtain (a, b) ~ (f, p). O

Theorem 4.2 Let m| VvV ay = f V aa, (my, p1) be a convex pair and ay = m V p1, f =

mi A p1. Moreover let (p1, my V az) be a convex pair. Then pairs (ay + a2, ay V az) and
(m1 + ay, my V ap) are equivalent, inf{[ay, 0], [az, 0]} = inf{[m, 0], [az, O]}.
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Proof Leta = my V ap, b = a1 V a. Then from the Lemma4.1 it follows that (a, b) is
equivalent (f, p1). Therefore m| V ax + p1 = a1 Vaz + f buta; + f = p; + mj hence

(f, p1) ~ (my,a1) ~ (my +az, a1 +az) ~ (m Vaz,aVa). O

Theorem 4.3 Let f Vv g = my VvV my, pairs (my, p1), (ma, p2), are convex and a; = m| vV
p1, f = m1 A p1,g = my A pa. Moreover let pairs (p1, my V ap) and (p2, m> V ay) are
convex. Then pairs (a1 + aa, a1 V ap) and (m1 + mo, my V my) are equivalent.

Proof By Theorem4.2 it follows that
(a1 +az, a1 vaz) ~ (my +az, my Vaz)
and using again Theorem 3.4 we get

(a1 +az, a1 vV az) ~ (my +ma, my vV mj). O

5 Applications to the Minkowski-Radstrom—Hormander lattice

Let X be a Hausdorff topological vector space over the field R and B(X) be the family of all
nonempty closed bounded convex subsets of X. For A, B, C, D € B(X) we have
A+B={a+b|lacA beB), AfFB=A+B,AvB =Cconv(AUB), A-B =
{x € X| x+B C A},(A,B) ~ (C,D) if and only if A+D = B+C,[A, B] =
[(A, B)]~,[A, B] <[C, D]ifandonlyif A+D C B+C, [A, B]+[C, D]=[A+C, B+D],
[A, B] vV [C, D] = sup{[A, B], [C, D]} = [(A+D) Vv (B+C), B+D]. The quotient space
X = B2(X) /~ is called the Minkowski—Rddstrom—Hormander (M-R-H) lattice over X.
Moreover, ()~( , +, <) is a topological vector lattice. For the definition of M—R-H lattice we
refer to [31], and to the paragraph 3.4 in [21].

There exists an interesting duality with the space of differences of sublinear functions.
Since we need this duality only in the finite dimensional case, we will consider instead of
B(X) the semi-subgroup K(X) of all compact convex subsets of X. Endowed with the order

[A,B] X [C,D] < A + D C B + C the space (ICZ(X/)/ ,5) is a sublattice

of X.

Now we consider the convex cone of all weak-*-continuous sublinear functions P(X")
on the dual X’ of X and put D(X’) = {¢ = p —q | p,q € P(X)}. With respect to the
pointwise ordering of functions given by ¢ < v if and only if ¢ (x) < v (x) holds for every
x € X', the space (D(X), <) is a vector lattice. Since the sublinear function p : X —> Ris

weak-*-continuous its subdifferential dp 0 C X is a compact convex subset of X. Now the
assignment:

D(X) — /CZ(X’)/ with ¢ > [@] = {(dplo, dqlo) | withe = p —q, p,q € P(X)}

is a lattice isomorphism, called Minkowski duality (see [21]).

The Minkowski—Radstrom—Hormander lattice [19,25] is very useful in studying bounded-
valued correspondences [4,14], in quasidifferential calculus [12,13,16,17,21,23,30,32] and
in calculating Aumann-Integral [2]. The M—R-H lattices were studied also in a number of
papers, for example [15,24,31].

Since semigroup S = (B(X), +, C) is a ¢-semigroup then all results concerning upper
exhausters which we obtained in the previous sections can be applied to the semigroup
S = B(X).
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First we present a result concerning shadowing. It is easy to observe the following fact:

Lemma 5.1 Let X be a vector space, (a;)icr, (bi)ier C X and (@j)ie; C R. Then

(Za,-)(Za,-) > e | bi+ Z a | + > ailai — bp).

iel iel iel kel\{i iel

Theorem 5.2 Let X be a topological vector space. Then the set C € B(X) shadows
([A;, BiD)jes C B(X) x IC(X)/ cX = Bz(X)/ if and only if for every a; € A;,i € 1

there exists b; € B;,i € I such that
cn\/(@—b)#0. (%)
iel
Proof Suppose that >, _; a; C \/ygll_1 X; + C. Since for every a; € A;,i € I we have
[1]-1
Bi+ZAi C \/ X +C+ (Bi —a;)
iel iel

it follows that

V(s S a)ev (o a) e v

iel kel\{i} iel kel\{i} iel

Now from the order cancellation law we have 0 € C + \/,;;(B; — a;), and hence there
existc € Candb; € B;,i € I suchthatc = Zie[ o; (a; —b;) for asome convex combination
(0j) CRwith > ;o = 1.

Now let (ii)ie 1 satisfy condition (). Then it follows from Lemma5.1 it that >, 1 @i C

VI gy O
Corollary 5.3 Let X be a topological vector space. Then the set C € B(X) shadows
(Aier C B(X) if and only if for every a; € A, i € I one hasCN\/,; c;ai /=W

6 Minimality of exhausters in B(X)

From the above sections we deduce for the case of the semigroup S = (B(X), +, C) the
following results: For example Theorem 3.4 can be stated as:

Theorem 6.1 IfS = B(X), then upper exhauster I'*(h) is minimal if and only if it is minimal
by inclusion and is I-minimal or equivalently that the exhauster I*(h) satisfies the following
condition:

Vies Zke[\{i} Ar C Vgt Zke]\{i} Ay foreverypropersubset J C 1.If \;c;(A/+C) =
/\ieI(Ai + C) for A; C A;j,i € I and (C,D) € [Ziel A;, Viel Zke]\{i}Ak]v then
Al = A fori eI

Now we observe that for upper exhauster / *(fz) we have i = [A, B] € X, where (A, B) €
[(2icr Ais Vier 2ken i) Ail- Denote A = 9h, B = dh. Using the Minkowski duality we

obtain that (see [5-7,29]) I*(h) = E*(h) = {A; | i € I}, where h = infic; pa, =
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Fig. 2 Two different minimal upper exhausters (Case 1)

Fig. 3 Two different minimal
upper exhausters (Case 2)

NG

pa — pB € D(X). Of course minimality of upper exhauster E* (k) is equivalent to minimal-
ity of upper exhauster 7*(h).

Now we give an example of two different minimal upper exhausters of the same function.
This answers a question posed by Vera Roshchina [29].

Example 6.2 Consider two triangles A1 = (1,2) v (1, =2) vV (—1,0) and A, = (—1,2) v
(—1,-2) v (1,0) in B(R?). Let h = min(pa,, pa,). Then {A1, Az} = I*(fz) is an upper
exhauster of the function 4. Notice thath = pc, —pp, = pc —pp,where C; = A1+ A and
Dy = A1V Az and (C, D) is a minimal pair of convex sets equivalent to (Cy, D). Since the
function / is not convex, any upper exhauster of / has to contain at least two sets. Then /* (k)
is inclusion-minimal. Assume that K* (ﬁ) = {E,},c; is an exhauster finer than 7* (ﬁ) and that
E, C Aj forsome A € I. Then the set £, does not contain one of the vertices of the triangle
A1 Hence h(x) = inf,e; pg, (x) < pE, (x) < pa,(x) = min(pa, (x), pa,(x)) = h(x) for

= (1,0), (0, 1) or (0 —1) which is impossible and contradicts the assumption that the
upper exhauster K *(h) is essentially finer than I'* (h). Therefore, the upper exhauster [* (h)
is minimal. On the other hand, the upper exhauster J *(h) {B1, B3} is also minimal. Then
the uniqueness of minimal upper exhausters does not hold (Fig. 2).

Another example of two different minimal upper exhauster is provided in Fig. 3.
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Fig. 4 Illustration of the
reduction technique

A

Ay
7 Special reduction techniques

For the semigroup S = (B(X), +, C) we obtain from the considerations in Sect.5 the
following reduction techniques, which are summarized now:

Theorem 7.1 Let My vV Ay = F VvV Ay, Ay = M1 U P, F = M| N Py. Moreover let pair
(P1, M1 Vv Aj) be convex. Then pairs (A1 + Az, A1 V Az) and (M1 + Az, My Vv Aj) are
equivalent and inf{[A1, 0], [A2, 0]} = inf{[M, 0], [A2, O]} (Fig.2).

Theorem 7.2 Let FV G = My Vv My, Ay = MU P|,Ay = My U P,, F = M; N
P, G = M) N Py. Moreover let pairs (Py, M1V Aj), (P, My v A1) be convex. Then pairs
(A1 4+ Ay, A1 Vv Ap) and (M| + My, My v M>) are equivalent (Fig. 4).
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